. These groups are related to the cohomology of the mapping spaces X S d in the same way as usual Hochschild homology is related to the cohomology of free loop space X S homology was proved by Quillen ( Q] ). Using sophisticated combinatorics Gerstenhaber and Schack constructed the so called Eulerian idempotents and proved that these yield a decomposition of Hochschild homology (see GS] , L1]). It turns out that both decompositions are isomorphic to each other (see Ro] ). Moreover, Loday made in L1] the important observation that such decompositions have a more general nature. Namely he proved the following result: Let F : ? ! V ect be a functor from nite pointed sets to the category of vector spaces over a characteristic zero eld. Let We give an alternative approach of this subject. We do not only give a new purely homological proof of the results of Loday, but we obtain essentially more. Using homological algebra of ?-modules we constract a spectral sequence, whose abutement is F(L). Here L is any based simplicial nite set. We show that for L = S d , the spectral sequence stops at E 2 level and gives a natural decomposition for n F(L). We give a simple axiomatic characterization of the decomposition of F(S 1 ), from which we deduce that our and Loday's decomposition are isomorphic. The striking fact is that in the decompositions of n F (S d ) for odd d, the same groups H (i) k (F ) appear but in a di erent way: n F (S d 
H (j) i+j (F ); n 0; d = 2k + 1 1:
We de ne the Hochschild homology of order d of a commutative algebra A with coe cient in an A-module M to be n F (S d ), where F = L(A; M) . As a sample example we compute higher order
Hochschild homology for smooth algebras (for all d) and for truncated polynomial algebras (for odd d It is worth to mention that any functor F : ? ! V ect gives rise to an abelian spectrum, thanks to the famous result of Segal (see Se] , notice that our ? is the opposite of the original ? of Segal). Let st n F be the homotopy groups of the corresponding spectrum. It turns out that the groups H (1) The paper is organized as follows. In Section 1 we describe the basic properties of the category of functors from nite based sets to vector spaces. In the next Section we prove the decomposition properties for F (S n ). In Section 3 we reprove Loday's decomposition theorem for cyclic homology. We use the observation that the forgetful functor from ? to the category of nite nonempty sets is at in some sense. In section 4 we prove a version of the HoschscildKonstant-Rosenberg theorem for smooth ?-modules, which is main technical tool for calculation of higher order Hochschild homology for smooth algebras in the last section. In the same section we also prove that the higher order Hochschild homology of Sullivan cochain algebra of d-connected space X is isomorphic to the cohomology of mapping space X S d . 
C is a cocommutative K-coalgebra, and N is an A-comodule, one obtains a right ?-module J (C; N), which assigns N C n to n].
Clearly, for a nite dimensional coalgebra C and a nite dimensional comodule N, one has
In the coaugmented case we write J ( 
where x (j+1) = x j x; j 0. Therefore the i-th dimensional part is zero, if i 6 = dj and equals to j (K n ) if i = dj and hence the claim is proved.
1.9. Category of surjections. Let be the small category of all nite sets and surjections. We will assume that the objects of are the sets n : = f1; :::; ng; n 0; where 0 denotes the empty set. Clearly 0 is isolated object. A covariant (resp. contravariant) functor ! V ect is termed left (resp. right) -module. Let M be a left K n ]-module. One denotes by (M) (resp. op (M) ) the unique left (resp. right) -module, which assigns M to n and 0 to m, where m 6 = n and for which the action of n = Hom (n; n) on M coincides (resp. is opposite) with the given one. Clearly if M is a simple K n ]-module, then (M) and op (M) are simple -module as well. We claim that in this way one obtains all simple -modules up to isomorphism. Indeed, let T be a left (resp. right) -module and n be the minimal number, for which T(n) 6 = 0. Since K n ] = K Hom (n; n)], we see that M = T(n) is a represenatation of n . Therefore (M) (resp. op (M) ) is well de ned. Now one can show that there exist unique morphismmodules (M) ! T (resp. T ! op (M) ) which is identity on n. (M) and op (M) the ?-modules corresponding to (M) and op (M) under equivalence 1.10. For M = K with trivial action (resp. with sign representation) one has the isomorphism op (M) = n t (resp. op (M) = n ). This follows from the fact that cr(F)(m) = 0 if n 6 = m and cr(F)(n) = M for F = n t or F = n . These examples suggest to introduce the following notion. We will say that the degree of a left ?-module T is less or equal to n if cr(T)(k) = 0 for k > n. In this case we write deg(T) n. One writes deg(T) = n if deg(T) n and deg(T) 6 n ? 1. Similarly for right modules. Then deg(T) n if and only i deg(T ) n. For example deg(t) = 1; deg(? n ) = n; deg( n ) = n. Therefore any left (resp. right) ?-module of degree n admits the projective (resp. injective) resolutions whose components have degree n. Moreover in this case if ?-module is of nite type then one can chooce the resolutions of nite type as well. Here denotes the "cohomotopy groups" of a cosimplicial vector space, meaning the homology of the associated cochain complex. Mimicking Korollar 6.12 in DP], one can prove that this limit always stabilizes and one has the isomorphism where the boundary map is the alternating sum of the face homomorphisms. Using the tensor product of functors (see 1. In what follows we give the formulation of results only for left ?-modules. We leave the task to the interested reader to make the trivial reformulation for the corresponding results for right ?-modules.
2.3. Fundamental spectral sequence. Let 2.6. Relation with Loday's decomposition. Observe that the summand of the decomposition 2.5 corresponding to j = 0 is trivial if p > 0, because the functor 0 t is the constant functor with value K and thus it is isomorphic to ? 0 and hence it is projective. Now we consider the case when d = 1. Let us recall that in L1] Loday proved that if K has characteristic zero, then for any left ?-module F one has the following decomposition (2:6:1)
We will show that our decomposition in Corollary 2.5 for d = 1 essentially coincides with Loday's decomposition. In fact we prove more, namely we give the axiomatic characterization of the decomposition of n F(S 1 ).
2.7. Theorem. Let iii) For any n 0, the functor H (n) n (?) is nonzero.
Then, for any i 1 one has a natural isomorphism H (i) n (F ) = Tor ? n?i ( i t; F); n i:
Moreover for the decomposition (2.6.1) the properties i)-iii) hold and therefore our decomposition is isomorphic to the one given in L1].
Proof. The fact that (2.6.1) satis es i)-iii) is very easy to check based on the de nition given in L1]. So it is enough to show the rst statement. If n = 1, then the result is clear because there is only one summand both decomposition of 1 F(S 1 ). In order to prove the theorem, we still use the axiomatic characterization of Tor-groups. Since the functors H (i) n (?) : ?-mod ! V ect; n i form the exact connected sequence of functors, it is enough to show that for projective F one has the isomorphisms H (i) i (F ) = i F(S 1 ) and H (i) n (F ) = 0; for n > i: Let us recall that the functors t n , n 0 are projective generators in the category of left ?-modules. Hence one only needs to consider the case F = t n . Let us calculate F(S 1 ), when F = t n . We recall that t (S) is the free vector space generated by S, modulo the relation = 0. Thus t (S 1 ) is nothing but the reduced homology of S 1 . Therefore it is clear that 2:7:1: k t m (S 1 ) = K; if k = m and k t m (S 1 ) = 0 if k 6 = m It follows from the property ii) that the functor H (i) i (?) is right exact for any i 0. Now consider the case n = 2. The isomorphism 2.7.1 shows that H (2) 2 (t n ) = 0 except the case, when n = 2. If this were also true for n = 2, then H (2) 2 (F ) = 0 for all projective 2.10. Link with Mac Lane homology. Let P(Z) be the category of nitely generated free abelian groups. Let F(Z) be the category of all functors from P(Z) to the category of all abelian groups. Let T 2 F(Z) be a functor. We refer to JP] (see also L2] Chapter 13) for the de nition of Mac Lane (co)homology HML(Z; T) of Z with coe cient in T. For any functor T 2 F(Z) one denotes by T the precomposition of T with the functor Z : ? ! P(Z), given by S 7 ! Z S]. Here S is a pointed set and Z S] is the free abelian group generated by S modulo the relation = 0. This fact is probably well known to experts, but we give the argument here. Following Breen B] , we consider the chain complex W (X) of the simplicial set Z S n ] X, where X 2 P(Z) and n > 0 is a natural number. By the well known properties of Eilenberg-Mac Lane spaces we know that H i (W (X)) Q = 0 for i < 2n and i 6 = n. Moreover Moreover he proved that there is a natural isomorphism H (1) n (T ) = HC (1) n (T ) for n 3:
We give an alternative proof of these facts based on the same ideas as were used before. F( n]) = i ! ? n Fin F. We also observe that Proposition 1.6 is still valid for Fin-modules.
Proposition. i) The functor i is exact and sends injective
Fin-modules to injective ?-modules.
ii) The functor i ! : ?-mod ! Fin-mod (resp. i ! : mod-? ! mod-Fin) is exact and sends projective ?-modules to projective Fin- iii) Furhermore in this case one has an isomorphism between our and Loday's decomposition (3.1.1) HC (i) n (F ) = Tor Fin n?i ( i t; F); n i: Proof. i) One can apply the Fin-version of Proposition 1.6 for C = Tot(L ). By above calculation the spectral sequence is of the expected form. Since i ! ? 0 is projective, the exact sequence (3.4.1) shows that there exist an isomorphism E 2 p1 = Tor Fin p (i ! t; F) provided p 2. Therefore the last statement is a consequence of Proposition 3.3. iii).
ii) By Proposition 1.6 it is enough to show that in characteristic zero one has Ext i mod?Fin ( n t; m t) = 0 if n < m and i 2.
We will work with tensor powers instead of exterior powers, because these are retracts of tensor powers. The short exact sequence Clearly is a morphism of functors. One easily checks that it is an isomorphism when T = ? k and therefore standard argument shows that it is an isomorphism for any T.
Clearly for the right derived functors of Hom(T; U) one has the similar descroption The standard model of S n has only one 0-simplex and no nondegenerate simplexes in dimensions > 0 and < n. Therefore 
